On the geometric structure of lattice U-polygons  by Dulio, Paolo & Peri, Carla
Discrete Mathematics 307 (2007) 2330–2340
www.elsevier.com/locate/disc
On the geometric structure of lattice U-polygons
Paolo Dulioa, Carla Perib
aDipartimento di Matematica “F. Brioschi”, Politecnico di Milano A, Piazza Leonardo da Vinci 32, I-20133 Milano, Italy
bUniversità Cattolica S. C., Largo Gemelli 1, I-20123 Milano, Italy
Received 28 January 2004; received in revised form 14 September 2006; accepted 19 September 2006
Available online 30 December 2006
Abstract
Let U be a ﬁnite set of directions in the Euclidean plane. A convex polygon P is a U-polygon if for each vertex v of P and for
each u ∈ U the line with direction u through v meets a vertex of P different from v. We study the geometric structure of lattice
U-polygons and introduce the notion of class of a U-polygon. We then characterize the lattice U-polygons of class c4. On the
other hand, if P is a lattice U-polygon of class c < 4, we describe a few geometric properties of P.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The notion of U-polygon (see Section 2 for all terminology) has been investigated in geometric tomography, the
area of mathematics dealing with the general problem of retrieving information about a geometric object from data
concerning its sections or projections. Its importance relies on the fact that compact convex sets in the Euclidean plane
are determined by their X-rays taken in the directions of a ﬁnite set U if and only if there does not exist a U-polygon
(see [5, Chapter 1, 7]). An X-ray of a compact convex set gives the lengths of all the chords of the set parallel to the
direction of the X-ray.
Examples of U-polygons are provided by afﬁnely regular polygons (i.e. non-singular afﬁne images of regular poly-
gons) with an even number of vertices, where U consists of the directions of all their edges. By applying Darboux’s
theorem on midpoint polygons it was proved that there exists a U-polygon if and only if there is an afﬁnely regular
polygon such that each direction in U equals the direction of one of its edges (see [5, Lemma 1.2.9]). It is worth
remarking that the link between U-polygons and afﬁnely regular polygons is not so surprising once we consider the
following property which characterizes afﬁnely regular polygons:
If P is a polygon with vertices v1, . . . vn, where the subscripts are understood to be integers modulo n, then P is an
afﬁnely regular polygon if and only if for each of four ﬁxed values of k, chosen from a set of ﬁve consecutive integers,
the lines vjvk−j are parallel for all j ∈ Z.
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For this property and a general treatment of other equivalent ways to say that a polygon is afﬁnely regular see [4]
(see also [2,3]).
Thus the notion of U-polygon suggests an aspect of regularity which provides a basic motivation for our study. The
situation becomes even more interesting in the discrete case.
Discrete tomography, born in 1994, has genuine applications to the material sciences, data security, and other areas
(see [9]). Here the focus is on determining ﬁnite sets of the n-dimensional integer lattice Zn by means of their discrete
X-rays. A discrete X-ray of a ﬁnite set F in the direction of a vector u ∈ Zn gives the number of points in F lying
on each line parallel to u (see, for instance [6,8]). We also recall that a lattice polygon is a convex polygon with its
vertices in Z2. In [6], Gardner and Gritzmann proved that the non-existence of a lattice U-polygon is necessary and
sufﬁcient for the discrete X-rays in the direction in U to determine convex lattice sets, provided U has at least two
distinct directions. With tools from p-adic valuations, they also showed that if P is a lattice U-polygon then |U |6,
and if |U |4 then the values of the cross ratio of any set of four directions in U, arranged in order of increasing angle
with the positive x-axis, are 43 ,
3
2 , 2, 3, or 4.
This fundamental result completely solves the problem of determining the class of convex lattice sets in Z2 by their
discrete X-rays taken in ﬁnitely many lattice directions. However, the geometric structure of a lattice U-polygon is still
rather mysterious. In fact, we have no information about geometric parameters describing a lattice U-polygon, such as
the number of its edges, or possible constructions.
After the paper of Gardner and Gritzmann appeared, it was also proved in [1] that if |U |4, and the values of the
cross ratio of any set of four directions in U, arranged in order of increasing angle with the positive x-axis, are 43 ,
3
2 ,
2, 3, or 4, then a lattice U-polygon does exist. All the lattice U-polygons exhibited in [1] are dodecagons, produced by
tiling afﬁnely regular hexagons.
Other questions concerning lattice U-polygons are suggested by related results. One of them says that for each set
U of three lattice directions there exists a lattice U-hexagon whose edges are parallel to these directions (see [6]).
Our goal here is to investigate the geometric structure of a lattice U-polygon, by addressing the following quite
natural questions:
• What is the geometric meaning of the numbers 43 , 32 , 2, 3, or 4?• Why are hexagons and dodecagons so privileged?
• The only afﬁnely regular lattice polygons are triangles, parallelograms and hexagons (see [6]). Is there an analogous
restriction on the number of edges of a lattice U-polygon?
In Section 3, we ﬁrst note that the values 43 and
3
2 of the cross ratio are not essential, when rearrangements of the
given directions are allowed, and the values 2, 3, 4 equal the values of the cross ratio of the directions of any four axes
of symmetry of an afﬁnely regular hexagon. We then characterize lattice U-hexagons as those lattice hexagons which
are invariant with respect to the action of a group of symmetries. Thanks to this characterization, we construct several
U-polygons with nice symmetry properties, by a tiling procedure. In Section 4, constructions of U-polygons with
an arbitrary large number of edges motivate the introduction of the notion of class of a U-polygon (see Section 2 for
formal deﬁnitions). This enables us to state a U-polygon version of the above quoted characterization of afﬁnely regular
polygons. Our main result is Theorem 12, which says that if c4, then the number of edges of a lattice U-polygon
of class c must be 4, 6, 8, or 12. As a consequence, independently of the result of Gardner and Gritzmann, we also
prove that, for such U-polygons, the values of the cross ratio of any set of four directions in U, up to rearrangements,
are 2, 3, or 4.
2. Deﬁnitions and preliminaries
All the background material introduced in this section is limited to two dimensions, since this is all we need here.
As usual, S1 denotes the unit circle in the Euclidean plane R2. The standard norm in R2 is denoted by ‖ · ‖, and a
unit vector is referred to as a direction. If v ∈ R2, and u ∈ S1, we denote the line through v parallel to the direction u
by lu(v).
If A is a set of R2, we denote by |A|, and convA the cardinality, and the convex hull of A, respectively.
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A family of compact convex subsets of R2 with non-empty interior is a tiling if the union of these sets equals R2,
and any two distinct sets have disjoint interior. These sets are called tiles. A tiling by convex polygons is edge-to-edge
if for any two distinct tiles which intersect, the intersection is an edge of both tiles.
Let U be a ﬁnite set of directions inR2.We call a non-degenerate convex polygon P a U-polygon if it has the following
property: If v is a vertex of P, and u ∈ U , then the line lu(v) meets a different vertex v′ of P. Note that a U-polygon
has 2m edges, where m |U |.
The following notion turns out to be important in studying the geometric structure of a U-polygon.
Deﬁnition 1. Let U be a ﬁnite set of directions in R2, and let 0<c |U |. The class c of a U-polygon P, with respect
to U, is the maximal number of distinct consecutive edges of P whose directions belong to U.
A U-polygon P of class c is also denoted by P (c)(U), when its class has to be speciﬁed.
Let U = {u1, u2, u3} be a set of three directions in R2. The group S3 which permutes the indices {1, 2, 3} can be
represented as a group of symmetries ﬁxing a triangle T with edges parallel to {u1, u2, u3}. For any choice of such a
triangle T we get a different representation ofS3. Two different representations are related by the afﬁne transformation
which maps one triangle to the other. In what follows, we always argue up to afﬁne transformations, so that we can
denote simply bySU3 any such representation ofS3.
If a set A is invariant with respect toSU3 , then we writeS
U
3 (A) = A.
The cross ratio of four directions a, b, c, d ∈ S1 is deﬁned by





where x̂y denotes the angle between the vectors x, y ∈ R2.
Note that rearrangements of four directions a, b, c, and d change the cross ratio according to the rules
(abcd) = , (abdc) = 1 ,
(acbd) = 1 − , (acdb) = 11− ,
(adbc) = −1 , (adcb) = −1 .
(1)
We also need the following result which provides a function of the cross ratio that does not depend on possible
rearrangements of four directions. For convenience of the reader, we include the proof that can also be found in
[10, pp. 326–327].
Lemma 2. For  ∈ C\{0, 1}, let j be the function deﬁned by
j () = (
2 − + 1)3
2(− 1)2 .
Then















Proof. By standard computation it follows that
















Let us consider the monic polynomial q with degree 6 deﬁned by
q(z) = (z2 − z + 1)3 − j ()z2(z − 1)2.
For ﬁxed , we have j () = j (z) if and only if q(z) = 0.
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− 1 , 1 − ,
1
1 −  .
Consequently, if these roots are distinct, then the result follows. By a direct computation, it is easy to see that the roots
are not distinct when = −1, 2, 12 ,−, or −2, where = − 12 + i
√
3/2.
If = −1, 2, or 12 then j () = 27/4 and






If  ∈ {−,−2} then j () = 0, and
q(z) = (z2 − z + 1)3 = (z + )3(z + 2)3.
In both these cases q(z) has the required roots. 
A lattice in R2 is a subset which consists of all integer combinations of two linearly independent vectors. Any lattice
in R2 is the image of the integer lattice Z2 by a non-singular linear transformation. Hence, for problems of an afﬁne
nature, it sufﬁces to consider Z2.
We sometimes refer to a ﬁnite subset of Z2 as a lattice set. A convex lattice set is a ﬁnite subset F of Z2 such that
F = (convF) ∩ Z2. A lattice polygon is a convex polygon with its vertices in Z2.
We shall use the following well-known result.
Theorem 3 (Gauss). For each integer n1, Z[e2i/n] ∩ Q = Z.
3. Symmetries of lattice U-polygons
In this section we address some of the questions on U-polygons asked in the introduction, by studying the relations
between U-polygons and discrete groups of symmetries.
As we mentioned earlier, if there is a U-polygon then the set U is a subset of the directions of the edges of an afﬁnely
regular polygon. This implies that the cross ratio of any set of four directions in U, when |U |4, is an algebraic number
(see [5, Corollary 1.2.12]). In the discrete case, Gardner and Gritzmann proved that if there exists a lattice U-polygon,
where |U |4, then the values of the cross ratio of any set of four directions in U, arranged in order of increasing angle
with the positive x-axis, are 43 ,
3
2 , 2,3, or 4 (see [6]). They also showed that for each set U of three lattice directions
there exists a lattice U-hexagon. Such a hexagon is an afﬁnely regular hexagon. Since a regular hexagon is ﬁxed by
the dihedral group D6 of order 12, an afﬁnely regular hexagon is ﬁxed by a group isomorphic to D6, which will be
denoted by DU6 , where U is the set of directions of the edges of the hexagon.
In the next lemma we restate the result of Gardner and Gritzmann, by noting that the values 43 and
3
2 of the cross
ratio are not essential, and we collect some additional properties of afﬁnely regular hexagons.
Lemma 4. Let U be a ﬁnite set of directions in Z2.
(i) If |U |=3 then there exists an afﬁnely regular U-hexagon P. Moreover,DU6 (P )=P , and j ((a b c d)) ∈ {j (2), j (3),
j (4)} for any set of four directions a, b, c, d of axes of symmetries of P.
(ii) If there exists a lattice U-polygon with |U |4, then j ((a b c d)) ∈ {j (2), j (3), j (4)}, for any set of four directions
a, b, c, d ∈ U .
Proof. (i) The existence of P was proved by Gardner and Gritzmann (see [6, Lemma 4.4]).A direct computation shows
that j ((a b c d)) ∈ {j (2), j (3), j (4)} for any set of four directions a, b, c, d of axes of symmetries of a regular hexagon.
Since the cross ratio is invariant under afﬁne transformations, the same holds for every afﬁnely regular hexagon.
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(ii) Let a, b, c, d any set of four directions in U, and let (a b c d) = . By (1),  = 43 implies /( − 1) = 4, and
 = 32 implies /( − 1) = 3. Therefore, from Gardner and Gritzmann’s result (see [6]) and Lemma 2 it follows that
j ((a b c d)) ∈ {j (2), j (3), j (4)}, for any set of four directions a, b, c, d ∈ U . 
This shows that the values 32 and
4
3 are already covered by 3 and 4, up to a rearrangement. Thus, the problem of
ﬁnding a geometric meaning for the numbers 43 ,
3
2 , 2,3, or 4 is reduced to that of ﬁnding a geometric meaning for the
numbers 2, 3, or 4.
For the rest of this section we consider the case when the set U consists of three distinct lattice directions, and show
that the previous properties of afﬁnely regular hexagons extend to more general U-polygons.
In the next lemma, we ﬁrst summarize some properties of U-polygons which are needed in the sequel.
Lemma 5. Let P be a lattice U-polygon. Then
(i) U is a subset of the direction of the edges of P.
(ii) For any afﬁne transformation  which ﬁxes Z2, (P ) is a lattice (U)-polygon.
Proof. (i) Let P be a lattice U-polygon with vertices vi , 0 in. By convexity, P is the intersection of ﬁnitely many
half-planes, bounded by the lines joining two consecutive vertices vi, vi+1 (vn = v0). Choose an element u ∈ U . The
line lu(vi0) through a vertex vi0 meets a different vertex vj0 of P. We can assume j0 > i0, up to exchanging the role
of i0 and j0. If j0 = i0 + 1, then lu(vi0) contains the edge vi0vi0+1 of P; otherwise there exist vertices vi1 , vj1 , with
i0 < i1 <j1 <j0 such that the line joining them is parallel to u. By iterating this procedure we arrive at a line lu(vh)
through a vertex vh of P such that vh+1 ∈ lu(vh).
(ii) The statement follows from the fact that an afﬁne transformation takes parallel lines onto parallel lines. 
The next theorem provides a characterization of all the lattice hexagons which are U-polygons.
Theorem 6. LetU={u1, u2, u3} be any set of three lattice directions. Let P be a lattice hexagon. Then P is a U-polygon
if and only ifSU3 (P ) = P .
Proof. By Lemma 5(ii) we can suppose, without loss of generality, that u1 = (0, 1), u2 = (1, 0), u3 = (1/
√
2)(1, 1).
Let us ﬁrst assume that P is a lattice U-hexagon. Up to translation, three consecutive vertices of P can be assumed to
be O(0, 0), A(0, a), B(b, 0). Since P is a U-polygon, the other vertices turn out to be C(b, a+ b),D(a+ b, a), E(a+
b, a + b) (Fig. 1).
It is easy to see that P is ﬁxed by the following symmetries:
1
{
x′ = −y + a + b,
y′ = −x + a + b, 2
{
x′ = −x + y + b,
y′ = y, 3
{
x′ = x,
y′ = x − y + a.
The group generated by these symmetries provides a representation of the groupSU3 , so thatS
U























Now, let us assume that P is any hexagon such thatSU3 (P )=P . Up to a translation of P, we can represent the group




y′ = −x, 2
{
x′ = −x + y + ,
y′ = y, 3
{
x′ = x,
y′ = x − y − . (2)
Up to permutations, the vertices of P areA1(x0, y0),A2(x0, x0−y0−),A3(−y0, x0−y0−),A4(−x0+y0+, y0),
A5(−x0 + y0 + ,−x0), A6(−y0,−x0) (see Fig. 2 ).
The segments A1A2, A3A6, A4A5 are parallel to u1, A2A3, A1A4, A5A6 are parallel to u2, and A1A6, A2A5, A3A4
are parallel to u3, so that P is a U-polygon. 
We note that if P is the U-hexagon with vertices O,A,B,C,D,E as in the previous theorem, and we choose a = b,
then P is an afﬁnely regular hexagon, which is of course invariant under the action of the groupSU3 . On the other hand,
let SU3 be represented by (2), and let P be a hexagon such that SU3 (P ) = P . Note that both P and T have the same
barycenter G(/3,−/3). Moreover, P is an afﬁnely regular U-hexagon if and only if P is also centered at G, which
implies = −3y0.
The geometric characterization of U-hexagons stated above can be expressed in terms of the function j deﬁned in
Lemma 2, as in the following corollary.
Corollary 7. Let U = {u1, u2, u3} be any set of three lattice directions. Let P be a lattice hexagon, and let v be the
direction of a diagonal of P, where v /∈U . Then P is a U-polygon if and only if the function j ((u1u2u3v)) does not
depend on the choice of v.
Proof. By Theorem 6, the polygon P is a lattice U-polygon if and only ifSU3 (P )=P , that is if and only if for any two
diagonals, with direction v1, v2, there is a symmetry  ∈SU3 such that ({u1, u2, u3})= {u1, u2, u3}, and (v1)= v2.
This implies that (u1 u2 u3 v1)= ((u1)(u2)(u3) v2), and consequently that j ((u1 u2 u3 v1))= j ((u1 u2 u3 v2)), by
Lemma 2. 
We note that for a general lattice U-hexagon P, the value j ((u1 u2 u3 v)) deﬁned in the previous corollary can be
any rational number, while if P is a lattice afﬁnely regular hexagon, then j ((u1 u2 u3 v)) = j (2).
We now show that there exist lattice U-polygons (|U |=3) with more than six edges, which still retain good symmetry
properties. Let us ﬁrst describe the construction of an edge-to-edge tiling by U-hexagons (see Fig. 3).
(1) We start from any U-hexagon H1.
(2) The edge-to-edge tiling property ﬁxes one edge of a neighboring hexagonH2. Since we wantH2 to be a U-hexagon,
by Theorem 6, we have just one arbitrary choice for the other edges of H2.
(3) Once H2 has been chosen, all the other tiles are determined by the required U-polygon condition.
Vice versa, by Theorem 6, the most general edge-to-edge tiling by U-hexagons can be carried out by gluing copies
of the three tiles H1, H2, H3 as in the previous construction, namely by applying the groupSU3 which ﬁxes H1 to H2,
and H3, and iteratively to the other tiling U-hexagons.






Edge-to-edge tilings by U-hexagons also provide examples of lattice U-polygons (|U |=3) with more than six edges,
such as those whose vertices are joined by dash lines in Fig. 3. Such U-polygons will be referred to as tiling U-polygons.
The next lemma shows that tiling U-polygons are invariant by a discrete group of symmetries.
Lemma 8. Let U be any set of three lattice directions. ThenSU3 (P ) = P for any tiling U-polygon P.
Proof. The statement follows from Theorem 6 and the construction of tiling U-polygons. 
When H1 = H2(=H3), we get a tiling by a single afﬁnely regular U-hexagon. This provides tiling U-dodecagons
satisfying the following proposition, which points out the geometric nature of all the constructions considered in [1].
Proposition 9. Let U be any set of three lattice directions, and let P be a tiling U -dodecagon obtained from a single
afﬁnely regular U -hexagon H (see Fig. 4 ).
(i) We have DU6 (P ) = P .
(ii) Let V be the set obtained by adding to U the directions of the diagonals of H . Then P is also a lattice V -polygon.
(iii) If  is the cross ratio of any four directions of edges of P , then
j () ∈ {j (2), j (3), j (4)}.
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Proof. (i) The result follows from the properties of afﬁnely regular hexagons stated in Lemma 4, and the construction of
a tiling U-dodecagon. (i), (ii) Since the edges of P are edges or diagonals of an afﬁnely regular hexagon by construction,
the statements follow from Lemma 4. 
It is worth remarking that many of the results of Section 3 can be carried over to the continuous case, that is to
U-polygons whose vertices are possibly not contained in Z2.
4. On the class of a lattice U -polygon
In the previous section we proved that lattice U-polygons (|U | = 3) arising from edge-to-edge tilings exist, and in
special cases they have good symmetry properties.
However, if |U |3, then there are also lattice U-polygons with an arbitrary large number of edges, without such
symmetries. For instance, if |U | = 3, they are not invariant with respect toSU3 . The construction of these U-polygons
makes use of the notion of class.
Proposition 10. Let U be any set of lattice directions with |U |3. If c = |U | then there exists a U -polygon P (c)(U)
with an arbitrary large number m of edges.
Proof. Let us ﬁrst assume |U |= c= 3. By Lemma 5 we can suppose that U consists of the directions u1 = (0, 1), u2 =
(1, 0), u3=(1/
√
2)(1, 1). In this case, the minimal possible value for m is 6, that is the number of edges of a U-hexagon.
Starting from such a hexagon, a sequence of additional k distinct U-hexagons can be pasted together, as in Fig. 5 (where
k = 4) to produce a U-polygon P (3)(U) with m = 2(k + 3) edges.
In fact, let us assume ‖A1 − B1‖ = 1. For k = 0 we have just the starting hexagon. For k = 1, we add a U-hexagon
with edge A2 −B1 such that ‖A2 −B1‖1 to guarantee the convexity of the ﬁnal polygon. For k2 the convexity of
the ﬁnal polygon is guaranteed once we take ‖A2 − B1‖k and
‖Bi − Ai+1‖
‖Ai − Bi‖ <
‖Bi−1 − Ai‖
‖Bi−1 − Ai−1‖ ,
for 2 ik. Since ‖B1 − A2‖ can be arbitrarily chosen, then m can be made arbitrarily large.
If |U |=c < 3, we can easily obtain lattice U-polygons of class c with an arbitrarily large number of edges, by similar
constructions (see for instance Fig. 6, where U = {u2} and U = {u1, u2} respectively). 
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Fig. 6.
In view of the previous result, one is led to consider what happens if |U |4, and the value of the class c increases.
The surprising answer is that the number m of edges of any P (c)(U) is bounded, so that Proposition 10 cannot be
extended.
To see this we need the following Darboux’s result on midpoint polygons (see [5, Lemma 1.2.9]). We recall that the
midpoint polygon M(Q) of a convex polygon Q is the polygon whose vertices are the midpoints of the edges of Q.
Lemma 11 (Midpoint construction). Let Q0 be a convex n-gon in R2 with centroid at the origin. For each k ∈ N,
deﬁne Qk = sec(/n)M(Qk−1). Then the sequence {Q2k} converges (in the Hausdorff metric) to an afﬁnely regular
polygon.
Note that, ifQ0 is a U-polygon, then for each k, the polygonQ2k , deﬁned in the previous lemma, is also a U-polygon,
so that R = limk→∞ Q2k is a U-polygon. By Lemma 5, U is a subset of the directions of the edges of R.
We now prove our main result.
Theorem 12. Let P (c)m (U) be a lattice U -polygon with m edges. If c4 then m = 4, 6, 8, or12.
Proof. Let us apply themidpoint construction toQ0=P (c)m (U). This provides an afﬁnely regular polygonR(c)m , possibly
not a lattice polygon, which is again a U-polygon. Let  be an afﬁne transformation such that Cm = (Rm) is a regular
polygon. Since P (c)m (U) and R(c)m are U-polygon of class c, where U consists of lattice directions, there are at least
four consecutive edges of Cm whose directions have rational cross ratio. Up to rotations the directions of the edges
of Cm equal the directions of the axes of symmetry of a regular polygon Dn = {e2ki/n : k = 0, 1, . . . , n − 1}, where
n=m/2 edges. Consecutive edges of Cm correspond to consecutive axes of symmetry of Dn. Therefore, there are four
consecutive axes of symmetry of Dn, whose directions have rational cross ratio. Up to rotations we can suppose that
these directions are e2ki/m = eki/n for k ∈ {0, 1, 2, 3}. Letting 	= /n, we have










4 cos2 	− 1 ∈ Q,
and consequently
(adcb) = (abcd)
(abcd) − 1 = 4 cos
2 	= 2(1 + cos 2	) ∈ Q.
Note that cos 2	= 12 (e2i/n+e2i(n−1)/n), hence 2(1+cos 2	) ∈ Z[e2i/n]. ByTheorem 3we have 2(1+cos 2	) ∈
Z, and consequently
2(1 + cos 2	) = 2
(
1 + cos 2
n
)
























 ⇒ n = 2 ⇒ m = 4,
2
3 ⇒ n = 3 ⇒ m = 6,

2 ⇒ n = 4 ⇒ m = 8,

3 ⇒ n = 6 ⇒ m = 12. 
In analogywith the characterization of afﬁnely regular polygons quoted in the introduction, the statement of Theorem
12 can be rephrased as follows:
Let P be a lattice polygon, with vertices v0, v1, . . . , vm−1. If for each of four ﬁxed consecutive values of k the lines
vjv(2k−1)−j are parallel for all j ∈ Z, then m = 4, 6, 8, or12.
Note that, for these four values of k, vjv(2k−1)−j , j ∈ Z, are all parallel to the edge vk−1vk (see Fig. 7).
The previous results enable us to recover Garden andGritzmann’s result on the cross ratio of any set of four directions,
in the case of U-polygons of class c4.
Corollary 13. Let P (c)m (U) be a lattice U-polygon with c4. Then the values of the cross ratio of any set of four
directions chosen in U, up to rearrangements, are 2, 3 and 4.
Proof. ByTheorem 12 the directions of U are parallel to the edges of an afﬁnely regular polygon withm=4, 6, 8, or12
edges. Since the cross ratio is invariant by afﬁne transformations, the result follows from a direct computation for regular
polygons. 
Corollary 14. For any lattice U -decagon P (c)10 (U), c3 and |U |3.
Proof. Theorem 12 implies c3. Moreover, if |U |> 3 then there are at least four consecutive edges whose directions
belong to U, so that c4, a contradiction. 
Fig. 8 shows an example of such a decagon.
Note that, if |U | = 4, but c = 4, then lattice U-polygons with m> 12 edges do exist, as shown in Fig. 9.
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